Three-dimensional catalogues of objects at cosmological distances can potentially yield candidate topologically lensed pairs of sets of objects, which would be a sign of the global topology of the Universe. In the spherical case (i.e. if curvature is positive), a necessary condition, which does not exist for either null or negative curvature, can be used to falsify such hypotheses, without needing to loop through a list of individual spherical 3-manifolds. This condition is that the isometry between the two sets of objects must be a root of the identity isometry in the covering space S 3 . This enables numerical falsification of topological lensing hypotheses without needing to assume any particular spherical 3-manifold. By embedding S 3 in euclidean 4-space, R 4 , this condition can be expressed as the requirement that M n = I for an integer n, where M is the matrix representation of the hypothesised topological lensing isometry and I is the identity. Moreover, this test becomes even simpler with the requirement that the two rotation angles, θ, φ, corresponding to the given isometry, satisfy 2π θ , 2π φ ∈ Z. The calculation of this test involves finding the two eigenplanes of the matrix M . A GNU General Public Licence numerical package, called eigenplane, is made available for finding the rotation angles and eigenplanes of an arbitrary isometry M of S 3 .
Introduction
Although interest in cosmic topology is just over a century old (Schwarzschild 1900 (Schwarzschild , 1998 , much interest has recently developed in trying to find clues to the topology of the Universe, in particular due to WMAP cosmic microwave background observations (Spergel et al. 2003) which have been found by many to have unusual statistical properties on the largest angular scales (e.g. Spergel et al. 2003; Tegmark et al. 2003; Chiang et al. 2003; Copi et al. 2004 ), even though one study across a wide range of parameter space failed to find any significant signal (Cornish et al. 2004) .
Moreover, both the WMAP observations and supernovae Ia redshift-magnitude tests (e.g. Perlmutter et al. 1999) suggest that the Universe is spherical, but with a radius of curvature at least as large as the horizon radius. Indeed, the analysis of Choudhury & Padmanabhan (2003) rejects the flat universe hypothesis in favour of a spherical model at either 97% or 90% confidence levels, depending on which data set of type Ia supernovae is analysed.
In addition, some analyses (Luminet et al. 2003; Roukema et al. 2004 ) suggest that the spatial comoving section of the Universe is a Poincaré dodecahedral space, which is a 3-manifold with S 3 as its covering space, i.e. curvature is positive.
This type of hypothesis implies tight constraints on the curvature parameters: the non-relativistic matter density parameter, Ω m , the cosmological constant (or quintessence constant) Ω Λ , and their sum, Ω tot = Ω m + Ω Λ .
While much interest is presently focussing on microwave background analyses, only a relatively small error in the present estimates of Ω tot is required in order for topological lensing of sub-microwave background objects, such as quasars, to be detectable.
For example, in the right-hand plot of fig. 15 of Gausmann et al. (2001) , it was shown that for the Poincaré dodecahedral space and (Ω m = 0.35, Ω Λ = 0.75), i.e. for Ω tot = 1.1, a spike in the pair separation histogram (PSH) would be expected for a catalogue containing objects in the 1 < z < 3 redshift range -the range of most interest for large quasar catalogues.
Is Ω tot = 1.1 reasonable? While observations do seem to be converging closer to unity than this, there are still many uncertainties present.
For example, Myers et al. (2004) found evidence for an extended Sunyaev-Zel'dovich Effect in WMAP data out to about 1 degree from centres of z < 0.2 clusters of galax-ies, and they note that the contribution from clusters at z > 0.2 could significantly contaminate the l = 220 first acoustic peak, so that the uncertainties stated in estimating Ω tot ∼ 1, e.g. ∆Ω tot = 0.02 (Spergel et al. 2003) , may be considerably underestimated due to sources of systematic error such as the Sunyaev Zel'dovich Effect.
Hence, three-dimensional methods of detecting cosmic topology still remain of interest, even though consistency with WMAP analyses would be required for any serious 3-manifold candidates.
Given the many systematic effects, both due to observation and to physical aging of objects, in catalogues of extragalactic objects, it is quite possible that a real signal could be present, but that the statistical properties of the catalogue would be insufficient to establish statistical significance from general statistical properties of the catalogue.
Any additional tests which could either falsify or support a given topological lensing hypothesis would, therefore, be useful.
In this paper, a simple property of topological lensing, which is only valid for the spherical case, is presented as such a test. This is the necessary condition that the mapping or isometry between the two sets of objects, of which one set is the topological image of the other, must be a whole number root of the identity in the covering space, S 3 . This is because S 3 is finite, while R 3 and H 3 are not.
The covering space, S 3 , R 3 or H 3 , (which can be physically thought of as the apparent space) relates to the 3manifold, M , (which can be physically thought of as the fundamental domain with glued faces), by M = S 3 /Γ, R 3 /Γ or H 3 /Γ respectively, where Γ is a group of isometries, which can be more generally called a holonomy group. 1 The reason why the condition that the mapping must be a whole number root of the identity is necessary in S 3 but not in flat or negatively curved space can equivalently be understood as the fact that the holonomy group Γ is finite for S 3 , but infinite in the other two cases.
Testing this property enables numerical falsification of a topological lensing hypothesis without needing to make any assumption on which spherical 3-manifold would correspond to the isometry which has been found. This is a practical advantage for observers interested in making simple analyses of observational data.
Moreover, as mentioned by Gausmann et al. (2001) in eq. (15) of their paper, by embedding S 3 in R 4 , the isometry can be written as a combination of two simultaneous rotations in orthogonal 2-planes in R 4 . Hence, the rotations in both 2-planes also need to be whole number roots of the identity in R 2 , i.e. their angles need to be whole number fractions of 2π, since the covering space can only be covered once.
This implies a simple and rapid test for testing whether or not a numerically known isometry is a root of the identity.
To make this paper self-contained, the complete algebraic formulae needed for these calculations, given the celestial positions and redshifts of corresponding objects, are presented.
In Sect. 2.1, a reminder on the terminology regarding different types of pairs of topologically lensed objects is presented.
The condition that the isometry is a root of the identity is presented algebraically and discussed in Sect. 2.2. An abstract representation of the isometry is written in Sect. 2.2.1, while the four-dimensional matrix representations of pairs -embedded in Euclidean 4-space, R 4 -and the resulting calculation of the isometry given the objects' sky positions and redshifts, is presented in Sect. 2.2.2. The condition that the isometry is a root of the identity is then presented in a form easy to calculate in Sect. 2.2.3.
In Sect. 2.3, the condition that the two rotation angles of the isometry are whole number roots of 2π is presented. In Sect. 2.3.1, the ideal case in which the isometry happens to be expressed in a convenient basis is presented. In Sect. 2.3.2, the more realistic case of an isometry expressed in an arbitrary orthonormal basis is presented as an eigenplane problem (in analogy with eigenvectors): an Earth or Solar System or Galaxy based coordinate system is unlikely to be aligned with the eigenplanes of the isometry of comoving space -in the case that the comoving space we live in is a multiply connected, spherical 3-manifold.
A method of finding the eigenplanes is presented in Sect. 2.3.3, and a numerical implementation of this is shown in Sect. 2.4.1.
A summary is presented in Sect. 3. For review papers on cosmic topology, see, e.g. Lachièze-Rey & Luminet (1995) ; Luminet (1998) ; Starkman (1998) ; Luminet & Roukema (1999) ; workshop proceedings are in Starkman (1998) and following articles, and Blanloeil & Roukema (2000) . For comparison and classification of different observational strategies, see e.g. Uzan et al. (1999a) ; Luminet & Roukema (1999) ; Roukema (2002) ; Rebouças & Gomero (2004) .
Definitions and calculation of the isometry

Cosmic crystallography: local isometries (type I pairs) vs generator pairs (type II)
The isometry between two images of a single region of physical space yields two types of pairs of objects which can reveal the isometry, and uncorrelated pairs: mental domain, where object ai is mapped to object bi, i.e. g(ai) = bi. Each "local" (comoving spatial) geodesic between "local" objects should occur N = 2 times, i.e. twice in this example . This frequency of occurrence is higher than for a Poisson distribution, in which any geodesic joining two objects should occur only once, not N times . Lower plot: Between the same two images of a fundamental domain, the geodesic connecting corresponding objects is a generator g of the (physical) 3-manifold from the (apparent) covering space. If g is a Clifford translation, then it occurs many times with (ideally) exactly the same length, again more frequently than that of a Poisson distribution.
(III) uncorrelated pairs, which can be called "type III" pairs.
These are schematically illustrated in Fig. 1 . Correspondingly, principles of detecting these pairs have been developed:
(I) The type I pairs can be collected, more generally, as local n-tuplets (Roukema 1996) , or the two-point autocorrelation function of the two-point auto-correlation function, known as "collecting correlated pairs" (CCP) Uzan et al. (1999b Uzan et al. ( , 1999a can be used. Gomero et al. (2002) noted these pairs as small deformations of the pair histogram, used for detecting type II pairs. (II) In a pair separation histogram (PSH), type II pairs should, ideally, show up as sharp spikes -this is "cosmic crystallography" (Lachièze-Rey & Luminet 1995; Lehoucq et al. 1996; Gomero et al. 2002) .
As in most of observational cosmology, observed catalogues of objects are never as simple as could naïvely be hoped for making cosmological measurements. It could realistically be the case that a catalogue of objects contains a real topological signal, e.g. as in the right-hand plot of fig. 15 of Gausmann et al. (2001) , where (Ω m = 0.35, Ω Λ = 0.75), i.e. Ω tot = 1.1, detected either thanks to collecting together type I pairs or type II pairs, but that evolutionary and selection effects make the signal of only weak statistical significance.
While it is certainly possible to simply ignore such isometries which cannot be shown to be significant, it would good to be able to have some test which relates to their immediate geometrical properties and not to their membership of a statistical class. This is the case presented in this paper: whether the suspected isometry is due to type I or type II pairs, if it is an isometry for the spherical case, then there does exist a simple test capable of falsifying the topological lensing hypothesis. Let us use the notation shown in Fig. 1 , where only one suspected realisation of the isometry g is shown, mapping four points in one image of the fundamental domain to four points in another image:
Although only three points are necessary to uniquely define an isometry g, four points are necessary if we wish to use the embedding in four-dimensional euclidean space as discussed below in Sect. 2.2.2. Given empirical uncertainties, it is probably useful to have the extra information provided by the fourth pair, which in the absence of observational uncertainties and numerical errors, would be redundant. The case of more than four points is a generalisation of this, including more redundant information.
Root of the identity in S 3
Abstract representation
We can then write the first condition in the case of S 3 which must be satisfied if g really is an isometry of the covering space which generates a 3-manifold, and not just a coincidence: g n (x) ≡ g(g(. . . g(x) . . .)) = I
( 2) where I is the identity mapping, must be true for some whole number n ∈ Z. Moreover, the value of n should not be so high that g n "goes past" one loop of 2π around the hyper-sphere and evaluates to the identity after tiling the whole covering space twice or more. In other words, the tiling of S 3 by copies of the fundamental domain should only cover S 3 once.
To write this more formally, using a formalism which also enables the expression Eq. (2), in a way that is conceptually simple and easy to calculate, it is useful to embed S 3 in four-dimensional euclidean space, R 4 .
4-D representations in R 4 and calculation of the isometry
By embedding S 3 in four-dimensional euclidean space, R 4 , the reader's intuition of S 2 embedded in three-dimensional euclidean space, R 3 can be used. The distance between two points (object locations) in comoving space can then be thought of as an arc-length in R 4 , along the 3-surface S 3 (e.g., Roukema 2001) . 
as
evaluating these from, e.g. eq. (33) of Roukema (2001) , where the objects are located at celestial positions α ij , δ ij and redshifts s ij ,
Since we are dealing with spherical spaces here, Ω κ is positive.
In R 4 , the isometry g between a j and b j is a rotation about the origin (0, 0, 0, 0) -S 3 is the 3-sphere (hypersphere) of radius R centred on the origin, without loss of generality. This rotation can be written as a 4 × 4 matrix M of unity determinant.
Since M must map a j to b j for each j (Eq. 3), we have
where A and B are the matrices
If the four-vectors in R 4 of all four points a j (equivalently, of b j ) are linearly independent, then A is invertible, and multiplication by A −1 from the right-hand side of Eq. 6 gives
which should be a matrix of nearly unity determinant, apart from the positional uncertainties which are considered "acceptable" for the calculation. Discussion of what precision is "acceptable" is postponed to Sect. 2.4.2 below. Hence, M can be calculated from the celestial positions and redshifts of the two pairs of four corresponding objects, together with the values of the curvature parameters for which the isometry was found.
M is a matrix representation of the generator g. However, even if all four points are distinct, their fourvectors in R 4 are not necessarily linearly independent (e.g. 3 vectors could be aligned in the same 2-plane). Moreover, if the a j are nearly, but not quite, aligned, then the system could be ill-conditioned, i.e. be highly sensitive to small errors. Any numerical application of this method should either ignore choices of 4-tuplets which are not linearly independent enough or at least flag them and warn the user.
Euclidean 4-D representation of the root of the identity constraint
The constraint on the generator g ≡ M in Eq.
(2) can now be rewritten
Clearly, naïvely testing this numerically to arbitrarily large n would not be a practical way to test this. This is because in the case of incorrect hypotheses, a computer making numerically exact (rather than approximate) calculations would require a (countably) infinite number of calculations in order to check that no n is large enough to yield M n = I. Real computers make approximations and are subject to numerical errors -as n gets bigger, these errors would increase without limit and make the calculation meaningless at some large value of n, unless the algorithm recalculated each successive estimate of M n to higher and higher precision, at the expense of increasing the computing time per calculation as n gets higher, ensuring no possibility of a convergent series for the total computing time requiring.
Two rotation angles as roots of the 2-D identity
2.3.1. Constraint represented in a well-chosen basis However, as described using a four-dimensional matrix representation in eq. (15) of Gausmann et al. (2001) , there exists an orthonormal basis in which M can be expressed in the form
where the rotation angles θ and φ clearly have to satisfy
Writing the least common multiple as
we then have the smallest value n such that M n = I. If either 2π θ or 2π φ are not integers, then clearly M is not a root of the identity.
Roukema: Topological lensing in S 3 as n √ I 5
Eigenplanes
However, the orthonormal basis in R 4 corresponding to a given astronomical coordinate system is unlikely, in general, to be the basis in which M already has this form. The representation of M in Eq. (10) has four orthonormal basis vectors. Let us write these as
so that
In analogy with eigenvectors and eigenvalues, we can call this an eigenplane problem, where:
and
i.e. the 1-dimensional (scalar) eigenvalue λ of the traditional problem is replaced by a 2-dimensional eigenrotation Λ θ or Λ φ . Just as there is freedom up to multiplication by a scalar for the eigenvectors of an eigenvector problem, there is freedom up to rotation by an arbitrary (non-zero) rotation to find the eigenplane in the eigenplane problem. If s t is an orthonormal basis representing one eigenplane of M , with eigenrotation Λ θ , then s t A, where A is an arbitrary 2-dimensional rotation matrix, is also an orthonormal basis for the same eigenplane and same eigenrotation:
In the particular case of interest here, there should exist two orthogonal eigenplanes in order for the isometry to correspond to a holonomy transformation, i.e. for it to be of interest for generating a 3-manifold as a quotient space of the 3-sphere centred at the origin of R 4 .
Calculating the eigenplanes
How do we find the basis vectors, now grouped into two pairs, (s, t), (u, v) spanning these two 2-planes respectively?
Since eigenvalue problems are normally solved using an iterative algorithm, it seems natural to develop a practical algorithm for solving the eigenplane problem.
Suppose that we already have one vector in one of the two eigenplanes P 1 or P 2 . Then, without loss of generality (wlog), we can write this
and s and M s can be used to construct a second vector in the same 2-plane, yielding a pair of orthonormal vectors (s, t):
where · is the inner product on R 4 . It is clear that s and t are orthogonal, since
and 1 − s · s = 0 since s is a unit vector. Next, we need a vector which is not in P 1 . Consider three (orthonormal) basis vectors, e 1 , e 2 , e 3 , in the known basis, i.e. the basis in which a j and b j are calculated. Since these are orthogonal to one another, at most two of them can be in P 1 . Choose one of these outside of P 1 , let us call it e 1 wlog. Then,
are an orthonormal pair spanning the second plane, P 2 . We then have θ and φ from
Hence, finding a solution for (s, t), (u, v) reduces to finding at least one vector s in one of the two planes P 1 , P 2 .
The intersection of P 1 (or P 2 ) with S 3 is a great circle, centred on the origin. This must intersect somewhere with the 2-sphere defined by
Hence, it is sufficient to search through S 2 123 looking for at least one vector which lies in P 1 or P 2 . In fact, it is sufficient to search through half of this region, since polarity is unimportant.
To write down the condition for a vector s to be in one of the two eigenplanes, note that the three vectors
must all lie in the same eigenplane. This eigenplane intersects with S 3 in a great circle, i.e. rotating twice corresponds to a single rotation by twice the angle of the original rotation. We can write this condition as
for a rotation angle 
for
Hence, an iterative search to sucessively preciser resolution through S 2 123 to find a vector s satisfying either Eq. (25) or Eq. (27) to the desired numerical precision yields one basis vector s of the eigenplanes, and Eqs. (19), (21) yield the other three basis vectors.
Tests using the eigenplane package (Sect. 2.4.1) suggest that the number of steps n to reach a precision in radians of ∆θ is n = 2 − 4 log 10 ∆θ,
i.e. for ∆θ ∼ 10 −4 -10 −3 , about 14-18 iterations are sufficient.
The rotation angles corresponding to the isometry are those in Eq. (22).
If these angles do not satisfy Eq. 11, then the isometry is not a root of the identity and the topological lensing hypothesis is false.
Numerical aspects
Numerical implementation
The package eigenplane, which is a free software (GNU GPL licence) implentation of an iteration algorithm to generate the two rotation angles θ, φ (and as a side product, a choice of four orthonormal vectors (s, t), (u, v) defining the two eigenplanes), given an input isometry M , has been prepared and is available for download at http://cosmo.torun.pl/GPLdownload/eigen/. 2 The package is self-contained, apart from requiring fortran and C compilers and the public domain linear algebra library blas. Installation (help in README and INSTALL files) is by the standard ./configure; make; make install sequence, including standard options such as a non-root user installation directory via --prefix=PREFIX. Following installation, help is available with the commands eigenplane --help and info eigenplane.
2.4.2. What are "acceptable" levels of errors in the positions?
As was discussed, e.g. in Roukema (1996) and later papers, these consist, in principle, both of "measurement" errors -to what extent the observed values of angular positions 2 At the time of submitting this article, the current version of the package is eigenplane-0.2.2. Users are welcome to add features, correct bugs and distribute modified versions. α ij , δ ij and redshift s ij 3 incorrectly represent the true position if peculiar velocity is ignored -and of "movement" error -to what extent the objects move relative to the comoving reference frame between the different epochs (redshifts) at which they are observed.
In practice, the precision on the angular positions is negligible compared to all other errors. The former are almost always more accurate than an arcsecond, which at a redshift of s = 2 and (Ω m = 0.35, Ω Λ = 0.75) corresponds to a tangential error of better than 0.02h −1 Mpc.
The measurement error in the redshifts, e.g. of quasars, can usually be obtained to ∆s < 0.001, but in big catalogues is more often ∆s < 0.01. Again at a redshift s = 2 and (Ω m = 0.35, Ω Λ = 0.75), these two errors lead to distance errors of about 1h −1 Mpc and 10h −1 Mpc respectively, at least 50 times larger than that induced by any angular error.
The movement error between observations at different redshifts depends on how different the redshifts are, and on hypotheses of structure formation within the general model of gravitational collapse from linear perturbations. The objects most likely to be observed are the brighter ones, which tend to lie in the heavier potential wells, which can be expected to move more slowly relative to the comoving reference frame.
If we estimate a maximum for the peculiar velocity as a mean of 400 km/s then between two substantially different redshifts, e.g. differing by 4 Gyr, the total displacement (relative to the comoving reference frame) is about 1.6h −1 Mpc. Moreover, simulations suggest that some objects may "stream" from voids towards filaments and along filaments towards the deepest potential wells in the cosmic web of gravitationally bound structurei.e. movement by up to a few megaparsecs over a big fraction of a Hubble time is realistic for objects forming some distance away from the biggest clusters of galaxies.
So likely errors are in the range 1-10h −1 Mpc, both from redshift measurements and from possible movement relative to the comoving frame.
How much do these affect testing an isometry as a root of the identity?
Again, for (Ω m = 0.35, Ω Λ = 0.75), the curvature radius is R ≈ 10h −1 Gpc, so the errors in position are at the level of about 10 −4 to 10 −3 radians. If these lead to a similar error in the estimates of the angles θ and φ, and the magnitude of max(θ, φ) is a big fraction of the distance to the surface of last scattering, e.g. ≥ 5h −1 Gpc ∼ 0.5 radians, then the fractional (relative) errors in max( 2π θ , 2π φ ) should be of the same order of magnitude, about 10 −4 to 10 −3 . A reasonable bound could be placed on max (θ, φ) in order for the isometry to be realistic (e.g. given cosmic topology constraints from the cosmic microwave background), removing isometries where max( 2π θ , 2π φ ) is too small. So, for holonomy groups of order up to ∼ 10 1 , the
